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Recent developments in quantum gravity suggest that wormholes may influence 
the observed values of the constants of nature. The Euclidean formulation of quan- 
tum gravity predicts that wormholes induce a probability distribution in the space 
of possible fundamental constants. This distribution may computed by evaluating 
the functional integral about the stationary points of the action. In particular, the 
effective action on a large spherical space may lead to the vanishing of the cosmo- 
logical constant and possibly determine the values of other constants of nature. The 
ability to perform calculations involving interacting quantum fields, particularly non- 
Abelian models, on a four-sphere is vital if one is to investigate this possibility. In 
this paper we present a self-consistent formulation of field theory on a four-sphere 
using the angular momentum space representation of 50(5). We give a review of 
field theory on a sphere and then show how a matrix element prescription in angular 
momentum space overcomes previous limitations in calculational techniques. The 
standard one-loop graphs of QED are given as examples. 
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I. INTRODUCTION 



Recently it has been suggested ]I[ by Coleman that the effect of wormholes in euclidean 
quantum gravity is to modify or even determine the observed values of the fundamental 
constants. In this idea, the effects of wormholes can be described by as set of parameters 
in which the values of constants such as the cosmololgical constant A, the gravitational 
constant G, and other couplings depend at the scale of wormhole physics, at or just below 
the Planck scale. Furthermore, Coleman has suggested a mechanism by which A is exactly 
zero and G assumes its minimum possible value. In the euclidean functional integral, it is 
possible || integrate out the contribution of wormhole configurations to give an integral 
over a distribution of a parameters. It is suggested that the dominant contribution comes 
from classical saddle points of the integral. The distribution is of the form 

Q{a) = e (1) 

For the action 

T[g] = I d*x [A - + aR iaJa \B! aMjX + bR^BT + cR 2 } , (2) 
with A > , the stationary point is a four-sphere of radius 



a -VslA' ( 3 ) 

with 



e ff ~ 8G 2 A 



3 (4) 



where d is a linear combination of a,b and c. The double exponential makes the A = surface 
in a-space overwhelmingly likely and the minimization of G and d on that surface should fix 
some or all of the other constants of nature. Since the higher derivative terms are related to 
the trace anomaly , there have been attempts |||| to use renormalization group techniques 
to relate the coupling constants of interacting field theories to the constant d. A consistent 
method to calculate amplitudes on S4 is required, especially if the program is to be taken 



beyond one loop to investigate the effect of vacuum diagrams containing interactions. This 
paper contains a brief review of the formalism of field theory on S4, and then describes a self 
consistent way to extract amplitudes of interest using angular momentum representations of 
50(5). The method presented here to compute one- loop Feynman diagrams, we believe, is 
a major improvement allowing amplitudes of greater complexity, such as those encountered 
in non-Abelian models, to be handled. While the previous results will be reproduced, the 
method is straightforward and removes the need to come up with specific tricks to handle 
individual calculations. 



II. FIELD THEORY IN SPHERICAL SPACETIME 

This review closely follows work published in a series of papers by Drummond and Shore 
|||7]||,[|] with slight changes of notation where convienient. The form of the action may 
be deduced by conformally mapping the flat euclidean four-space action to the surface of 
a hypersphere embedded in five dimensions. To do this it is necessary to introduce a fifth 
co-ordinate 25 and a unit vector h such that the x ■ h — plane is identified with the original 
space. The conformal transformation 

9ab = S ab -> K 2 5 ab , (5) 

where 

« = 2/(l-2? + S), (6) 

maps the plane x ■ h = onto the sphere r = a. One now performs a general co-ordinate 
transformation to the flat five dimensional co-ordinates rj given by 

v a = a h a + K (x a - ^h a ) . (7) 

For scalar fields this process is straightforward, but for spin 1/2 and spin 1 fields it is more 
involved. 
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For fermions it is necessary to define a vierbein and a spin connection. These objects 
transform in the usual way under conformal and general co-ordinate transformations. The 
additional matrix 75 is needed but it can be shown that since 7 matrices always contract 
with a spherical projection operator Q, there are effectively only four independent 'gamma' 
matrices. In addition, the combination 7-77/0 effectively acts as 75, anticommuting with 
all of the Q-contracted gamma matrices. This justifies the mapping of the four component 
5*0(5) spinors to ordinary Dirac spinors on the surface, differing from the approach of Adler 

For a vector particle, a similar procedure with an additional A§ field allows one to derive 
the spherical action and show that only four independent components ( not counting gauge 
and dynamical constraints ) survive. 

Since dimensional regularization will be used throughout, the sphere will be n dimen- 
sional and the space indices will run from 1 to (n + 1) with n = 4 — e. 

At this point it is useful to define a some of the operators used on the sphere. The 
rotation generators 

L ab = Vad b - rj b d a , (8) 

and 

±L 2 = \L ah L«\ (9) 
define invariant derivatives on the sphere. The tangential projection operator 

Qabiv) = &ab - ^VaVb, (10) 

enables one to define a tangential derivative 

D a = Q ab (v)d b = ^ h L\, (11) 

which satisfies the identities 

VaD a = 0, 

D a r] a = n, (12) 
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and 



D 2 = 



(13) 



III. CLASSICAL ACTIONS 



The simplest example is the self interacting scalar field. The action for this case is 



Se = I da 



■UM(f> + V(4>) 



(14) 



where the kinetic operator 



M = D 2 -^n(n-2) 



(15) 



shows the correspondence between d and D and also exhibits the conformal term —<p 2 R/6. 
For a free massless Dirac fermion the action is [[F] 



Se — da 



(16) 



where the 7 matrices satisfying 



{r,i b } = 26 ab , 



(17) 



{Q ab (vhb,Q cd (vha} = 2Q ac (r ? ), 



(18) 



and 



{Q ab (vH,i-v} = o. 



(19) 



Note that the term involving 7 ■ rj is necessary to ensure invariance of the action under 



V> -> Ve~ ifl(7 " ,/o) , 



(20) 
(21) 



which is the spherical version of a chiral transformation. 



The action for a massless gauge boson is 



Se = da 



1 rp rpabc 
12a 2 r abc-T 



where 



F a bc - L ab A c + L bc A a + L ca A b 



Integrating by parts gives 



Sf= da 



J—A a P A b 



with P ab given by 



P a b — \^ 2 ^ab + L a c L cb — (n — l)L ab . 



The spin 1 projection operator P ab satisfies the following identities 



Da pab = pab^ = ^pao = pa bf]h = g 



ab noi)„ 



where 



p Jb _ j bp _ p 
r ab ±J c — n a r bc ~ r aci 



P ab P\ = NP ac = P ac N, 



N = \L 2 -n + 2. 



It turns out that Eq.(^) is the more useful version of the action when the theory 
Gauge invariant actions may be constructed through the substitutions 



D a -> D a -ieQ ab (r])A 



or 



L ab -» L ab - ie(7] a A b - T] b A a ). 



This allows one to write down the action for scalar and spinor electrodynamics 

S E = S f E ree + J da [-zetfjQ ab ( V )^A a 
+ ±ier la A b (<P*L ah <p-L ab <P*4) 

+ e 2 Q ab ( V )A a A b ci ) *ci ) ] ) (32) 
which is invariant under the local transformation 

i) -> e ieAM ij, 

A a -> A° + D a A(77). (33) 

There is an additional invariance of the vector particle action under 

A a -> A a + ^(77), (34) 

which reflects the fact that only tangential components of the vector field contribute to the 
action. The above procedure may be generalized to non- Abelian symmetries in the usual 
way. Finally, Yukawa and scalar self couplings have the same form as in flat space. 

IV. QUANTIZATION 

Quantization of the theory is achieved through the functional integral method. The 
simplest example is the interacting scalar field. Define the generating functional |J 

Z[J] = jv<j) exp {-S E + J da J(rj)<f>(v)} , (35) 

where Se is given by Eq. (|T4|) . This can be rewritten as 

Z[J] = expj-/ dav(jj^j}z [J], (36) 



where 



Z [J) = J V<P exp || da (\<pM<P + J(f>)\ , (37) 



Completing the square and performing the Gaussian integral gives 

Z [J] = const. [deb{-M)]-^exp{-\ J da da' J(7))M-\T),Tf)J{jf)\ . (38) 



The propagator is defined by functional differentiation 

S 2 Z [J] 



6J(7])5J(r]') 



M"W), (39) 



j=o 



where M _1 may be expressed in either coordinate space form || or in the more useful 
angular momentum space representation. 

Given a particular form of potential, for example, 

V{<j>) = £0 4 , (40) 

one can derive the Feynman rules in configuration space : 

1. G(j],T]') for each boson line, 

2. —A/4! for each vertex, 

3. J da for each internal vertex, 

4. standard symmetry factors, 

from which amplitudes may be calculated. 

The determinant factor in Eq . ([38D deserves attention. In flat space, this factor is usually 
absorbed into the normalization, but in this case it depends on the radius of the four- 
sphere, a, and therefore the curvature of the spacetime. This factor contains the free field 
contribution of the scalar field to the trace anomaly. Analogous factors appear for fields of 
different spin. 

The generating functional for fermions may be defined using anticommuting source terms 

E 

Z [H, H] = Jv^j V^j exp | J da [-^ a (D a - ^ Va ) ^j + H^ + ^h}}, (41) 



with the propagator given by 

5 2 Z [H, H] 



8H{rj).-8H{ri') 



H=H=0 



j.(D 



2a- 



-T) 



(77,77') 



(42) 



Care is required for spin 1 fields due to the presence of gauge and radial degrees of 
freedom [Bl. Consider the functional 



Z [J a ) = A expjy da 



J_A a p A° 1 7" A a 
2a 2 71 r ab IX + J a^ 



(43) 



due to the transformations of Eq.(^) and Eq.(]3"4|) this is ill defined and therefore requires 
a gauge fixing term. In order to motivate the choice of such a term, note that the identities 
Eq . (^6l) , Eq . (|27|) and Eq . (|28D imply that A a may be written in the form 



A a = P ab B b + D a A + ±r] a 6 



(44) 



If a gauge fixing operator is chosen of the form 



nafe Dab 



P ab - N5 



(45) 



then the result will vanish when acting on the transverse part A" = P ab Bb, suggesting the 
gauge condition 



F nh A b = 0. 



Following the standard procedure we insert the operator 



(46) 



1 = A(A) J V(A, 6) exp U da 



^2-A'F ab A' b 

2a^ a a, o 



(47) 



into Eq.(|^) and factorize out the group integration. The invariance of the Jacobian factor 
A(A) allows one to evaluate the integral in Eq.([|7]) for A a satisfying the condition Eq.([46"D 
with the result 



A(A) 



-1 



det4 



\L 2 



det ^ (-N + 72-4) 



(48) 



The first factor is the usual Faddeev-Popov determinant while the second comes about from 
the need to remove the radial degree of freedom. The final version of the generating function 



is 



Z [J a ] = [det £ (-^ 2 )] [det ±(-N + n-4) 



J VA exp { J da [^A a (P ab - ±F a6 ) A b + JM a ] } , 
with the progagator given by 



E ab (r],r]') = 



S 2 Z [J C 



Ja=0 



■$(P- IF)] ^M). 



Putting this together, one can write down the rules for spinor electrodynamics 



1- S a/ 3(r),r]') for each fermion line directed from rj' to 77, 



2. E a b(rj,rj') for each photon line connecting r( to 77, 



3. ieQ a b (rj)(jb) a /3 for each vertex with a outgoing and (5 incoming, 



4. / da for each internal vertex, 



5. (—1) for each fermion loop. 



V. ONE-PARTICLE IRREDUCIBLE AMPLITUDES 



(49) 



(50) 



It is convienient in this approach to work with the 1-particle irreducible functions which 
are generated by the effective action. To do this one must perform a Legendre transformation 
on the generating function. Considering the case of electrodynamics, the effective action is 
defined in Euclidean space by 



-T[A a , V, V>] = G[J a , H,H]- J da [J ■ A + H<j> + <f>H], 



where 



Z[J a ,H,H] = e G ^ ja ^ H \ 



SG - SG 5G 



SJ a (r)) 



-H(vY 



sH( v y 



(51) 



(52) 



(53) 



and 
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(54) 



Since the generating function is invariant under a shift in the integration variables one can 



use standard |TTJ functional techniques to obtain the equations of motion and the Ward 
Identities for the Greens functions of the theory. These may be expressed in terms of the 
irreducible amplitudes through the Legendre transform. For the inverse photon propagator 
one obtains 



T ab ( V , rf) = -4 (P ab - i-F ab ) 6( V - rf) - U ab ( v , i 



(55) 

where U a b(r], r]') is the sum of all two point photon irreducible diagrams with external propa- 
gators replaced by delta functions. Invariance under gauge and radial transformations leads 
to a set of Ward Identities 



Va 



5T 



5A a (ri) 



\ L F ab A b 







(56) 



and 



D n 



5Y 



5A a (r]) 



- ^F ab A b 



le 



-ip — ip- 



(57) 



Differentiating once with respect to A b (rj') and setting sources to zero gives 



r ]a Tl ab ( V , V ') = D a Tl ab (r ] , V ') = 



These identities imply that U ab (r),r)') is of the form 



(58) 



U ab (r ] ,r ] ') = P ab U(r l ,r ] '), 



(59) 



which is the spherical analogue of the transversity condition in flat space. Of course, these 
relations must be checked explicitly to ensure that no anomalous quantum effects violate 
the identities and destroy the renormalizability of the theory. 

The fermion equation of motion similarly gives in terms of the inverse propagator 

(60) 



af3 
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where H a p{j],r]') is the sum of all irreducible, two point fermion diagrams. 
The irreducible vertex function is simply 



(61) 



the negative of the truncated three point function. The Ward Identities Eq.Q55|) and Eq.(|5"TD 
then imply 



(62) 



and 



D aKp(Vi, V2, V) = [TapiVi, V)S(V - V2) ~ Fapiv, - 771)] . 



(63) 

For the theory to be renormalizable, divergent parts of the amplitudes Eq. (|55|) , Eq. (|60|) and 
Eq.(|6TD must be of the same form as the tree level functions. An amplitude must therefore 
be treated as a distribution and expanded in a series of operators acting on delta functions 
\T2\. First consider the vacuum polarization Eq.(^), write 



n ab ( V , rf) = A Q ab ( v ) + A x P ab {r,) + A 2 F 



5(rj-T]') 



(64) 



where we have allowed for the possibility of a mass term A Q and a gauge fixing part A 2 , 
which should be zero by the Ward Identities. One can, by various means, extract the values 
of the expansion coefficients. Contracting the indices gives 



U a a ( v , r/) = \A n + A 1 (n- 1)(±L 2 ) + A 2 \(n + l)(n - 2) - 2(±L 2 ) 



5( V -7]'), (65) 



and so 



J da da' IP a (rj, i) = a n Q n+1 [A n + A 2 {n + l)(n - 2)] 



(66) 



with the derivative terms vanishing due to integration by parts. Similarly one can show that 



J da da' -^(rt- r/) 2 IF a ( v , r]') = a n n n+1 [A in (n - 1) - 2A 2 n] 



(67) 
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and 

J da da' ^ W IT 6 (77, r]') = a n n n+1 A 2 (n - 2). (68) 

For the fermion self energy Eq. (|511D , Ti^ij], rj') may be expanded in the form 

Z a p(r), n') = [B (I) + 4 r S 1 ( 7 • V) + B 2l ■ (D - 

+ B 3 ( 1 - v )( 1 -D)...} a p6( V -r)'), (69) 

where the possiblity of mass and chiral terms has been considered. However, the only 
coefficient allowed to be divergent is B 2 - To extract these constants one requires a set 
of gamma matrix identities and traces, these are given in Appendix(A). For reasons of 
notational clarity, traces over spinor indices will be denoted by TR{. . .} . Using the results 
of Appendix(A) and integrating by parts when necessary one obtains 

J da da' TR {£(??, ?/)} = a n Q n+1 2 n/2 B , (70) 

J dada'TR{( 1 -r ] )Z(r ] ,r ] ')} = a n n n+1 2 n / 2 (B 1 -^B 2 ), (71) 

J dada'TRKj-T) 1 )^^')} = a n n n+1 2 n / 2 {B x + *B 2 ), (72) 

and 

J da da'TR^j ■ ^(7 • v'Mv,v')} = a n n n+1 2 n ' 2 (B + nB 3 ). (73) 
The vertex function may be expanded in the same way and is left as an exercise. 

VI. TRANSFORM SPACE REPRESENTATON 

We have arrived at the central problem, the need for a consistent method of evaluating 
integrals of the form 

X = J da 1 da 2 ... da N f{r] X ,r]2, . . . , r} N ), (74) 
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where /(771, 972, . . . , r/jv) is a scalar function which may contain factors of rji, propagators, ver- 
tex functions and derivatives. Unfortunately the configuration space methods of Drummond 
fl"2|| fall down here because the photon propagator cannot be written in the form \q — rj'\ m in 
a general gauge. Also there is great difficulty when indices contract between integrals over 
different coordinates particularly when these involve derivative couplings. The solution is 
to go to angular momentum space and expand propagators in terms of spherical harmonics. 
The method here is applicable provided there are no more than two harmonics at the same 
point. However, this problem does not arise for the one- loop diagrams we consider here. 

Consider the case of the scalar field. The appropriate basis functions are the scalar 
harmonics satisfying 

(lL 2 )Y lm (v) = -1(1 + n- l)Y lm ( V ), (75) 

where m — 1 . . . dim(l, 0), the dimension of the representation, given by 

TV/ + n _ 1) 

dim(l, 0) = (21 + n - 1) r( l n) + r(/ + 1 J r (76) 

Here we use (/ii,/^) to label the represenation of 50(5) in common with Refs. The 
harmonics satisfy the orthonormaliy and completeness conditions 

J da Yy m ,(ri)Yi m (Tj) = 5u>5 m , m > (77) 

and 

En»(««/) = «(«i-i/). (78) 

im 

Refering to Eq.(|59"D, the operator M is diagonal in /-space and so using Eq.([75|) and Eq.(|T8"D 
one obtains 

GM) = E (/ + f)( f +f _ 1) ^(^(V), (79) 

or 

G( V , rf) = a 2 Y, G^Y^Y^irf). (80) 

l in 
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For the spinor field one requires a corresponding set of spinor harmonics. The tensor 
product of the spin | representation and scalar harmonics, (|, |)®(/, 0) = (£+§, §)©(/— \, §) 
gives two inequivalent representations each with same {\L 2 ) eigenvalue classified by their 
eigenvalue with respect to (E • L), where 



Sab = I [7a, 7b] 



(81) 



are the spin \ rotation generators. We have 



aL')Y^\ V ) = -l(l + n-l)Yt\v), 



(82) 



where the label s spans the representation and the label (/j,), defined to be +| or — |, refers 
to the (I + |, 5) or the (Z — ^ |) representations respectively. The (S ■ L) eigenvalues are 



[X-L)Y l f*\ V ) = -lY^\ v ), 



(83) 



and 



(S-L)^ ) (. 7 ) = (/ + n-l)^H ) (r / ). 



(84) 



The orthonormality and completeness conditions are 



daY}V\ri)Yt%) = 5 v ,A >sl 5^, 



(85) 



and 



1/J.S 



S a p(v,v') = (7 ■ v)asJ2 

Is 



jY^Y^\ v )Yl { ;i\ v ') 



(86) 



Keeping in mind that (7 • 77) (S • L) = a 2 (7 • D), Eq.(f42"D, Eq. (|82l) . . . (|8~6"D and a little algebra 
give 



(87) 



which can be more compactly written as 
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SapM) = (7 • vUT,S(l^)Y^\v)Y^\v') (88) 

IflS 

ee -E^(^)^(^)^1 M) (V)(7 • V'U- (89) 

IflS 

For the vector case we get for the tensor product (/, 0)<g)(l, 0) = (l — l, 0)©(Z, 1)©(Z + 1, 0), 
three inequivalent representations which we will denote by A = —1,0, +1 respectively. The 
dimension of the representation (1, 1) is 

*"«• = <" - l \,?w + ~ n \ (2 < + " - :) mmry m 

Then 

(§£ 2 )l£ )o fa) = -/(/ + n - l)Y^ a ( V ), (91) 

and each is and eigenfunction of (\L ■ S) ab = L ah , where 

(S ab ) cd = 5 ac 5 bd - 5 ad 5 bc , (92) 

are the spin 1 rotation generators. The eigenvalues are 

L^Y^irj) = -lY^\ri), (93) 
L*y£%) = lY^ri), (94) 
L ab Y l ( - 1)b (v) = (l + n-l)Y l ^\ V ). (95) 

The orthonormality and completeness conditions are 

/ da Y^^Y^iv) = kv5 m ,m>h,x>, (96) 

and 

Ey^(v)y^\rf)=S ab S( V -rf). (97) 

l\m 

Clearly this procedure may be carried out for higher spin representations such as spin | and 
spin 2. 

The kinetic operators P ab and F ab for the vector field are diagonalized in this represen- 
tation. P ab has zero eigenvalue for A = — 1 or +1 and —{I + 1)(Z + n — 2) for A = 0. F ab 
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has zero eigenvalue for A = and (I + + n — 2) for A = — 1 or +1 . This illustrates the 
utility of the choice of gauge, Eq. (f26|) , and leads to the convenient form of the propagator 

= °E (f+1)( ;^_ 2) ^M^'w 

+ a-°)£ (i+1) ;; n _ 2) ^w^w. ( 9 8) 

which again may be compactly written 

IXm 

+ (l-a)a 2 J2E(l)Y^ a ( V )Y l ^ ) (v')- (99) 
i in 



VII. OPERATOR MATRIX ELEMENTS 



We define the matrix element of an operator between two scalar harmonics as 



(100) 



where (• • •) refers to any indices carried by the operator. The simplest example is that of 



L ab , which commutes with (\L 2 ), we define 



\ /mm J 



(101) 



The matrix (T l ab ) , 8 IV is a square dim(l, 0) Cg> dim{l } 0) matrix which satisfies the same 
commutation relations as L ab . A list of useful commutation and other relations for both 
operators and matrix elements is given in Appendix(B). The next two operators which we 
must deal with are D a and rj a . Using the commutation relations 



\L 2 , -^rja — —-^rja + 2D a 



(102) 



and 



- Jrr^L 2 ) + (n - 2)D a 



(103) 
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one is able to show that 

\L 2 [D a + ±1 77a) Y lm (rj) = -(I - 1)(Z + n - 2) (p a + ±1 rj a ) Y lm (rj) (104) 

and 

\L 2 (D a -^(l + n- l) Va ) Y lm (v) = -(I + m + n) (p a - 4,(Z + n - l) Va ) Y lm ( v ). (105) 



The completeness relation Eq.fl78|) implies that 



dirn(l-l,0) 

(D a + ^l V a)Y lm (r])= E (Vi-ia) m >mYi-iMv) (106) 



m'=l 



and 

dim(l+l,0) 

(D a ~M l + n ~ l )Va) Y lm (v) = E Jm'mYi+iMri)- (107) 

m'=l 

The matrix (V/ ) m , m is dim(l,0) dim(l + 1,0) and (Ui a ) m , m is dim(l,0) ® dim(l — 1,0). 
By inverting the above one obtains 



(2Z + n - 1) 

-(f/ ma ) m , m 5r,m] (108) 



and 



da Y^^DaXUri) = {2l + n _ x) i( l + n-l) (VU a ) m , m 5 V ji-i 



+ nUi + i a ) m>m 5v,i +l ]. (109) 



By further application of the operators in Eq.( |106[) and Eq.( [L07|) it can be shown that 



dim(l+l,0) dim(l-l,0) 

E <Yi a) mm" 

(v l+ 

1 )m"m' E (u t 

a) mm" ~ 1 )m"m' 0? (no) 

m"=0 m"=0 



dim(l+l,0) 

E M a) m m" (Ui+i = -£( Z + n - 1)(2/ + n + l)5 m ^ (111) 

m"=0 



and 



dim(l-l,0) 

E (Ul a) mm" (VU Im-m' = "£/ (2/ + n - 3)<W (112) 
m"=0 

Integrating by parts leads to the conjugate relations 



(fiX'm =7^ (D a -±(l + n-2) Va )Y l *_ hm (r ] )Y lm ,( V ) 
(21 + n- 3) 



(2Z + n - 1) 



(H3) 



and similarly 



(^a)m'm - (2Z + 77 — 1) ' (H^) 

Since these matrices may be non-square one must be careful to ensure that the multiplication 
is valid. Note that with these conventions, the I label implies the dimensionality of the left 
index. 

In order to easily write down the matrix elements of the the commonly used operators 
D a , rj a and Q ab which do not commute with |L 2 some more notation is useful. Define a 
new index (a) which indicates the shift in Z eigenvalue between the left and right m indices. 
Therefore for some operator 0^"'\rj) we have 

(0i' )M ) , = I daY; m ( V )0^( V )Y l+aml ( V ). (115) 

\ / mm' J 

In particular, Eq.( |108| ) and Eq. (|109|) imply that 

W 1) °L, = +a2 W^TT) (V, ' :) -'' (U6) 
"'""■L'-' ia + La) " 11 ^' (117) 



and 



£>,<+1> ")w = ( 2 ( +t + 1) W •'""»' (U8) 



( D '' l, ^ = w^rhj^^- < 119 > 
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Henceforth, the m indices will be suppressed with the normal rules of matrix multiplication 
applying. Refering to Eq. ([T0|) the above allows one to write down the matrix elements of 

Qabiv) 



a 2 



(21 + n + l)(2l + n + 3) 



(Vi a )(V l+lb ), (120) 



) 

-l b 



( n m \ _ s _i_ ^ \ / (-i) \ _ j_ / (-i) \ ( (+i 

ab) — °ab a 2 [Jll a, J yll+l b) a 2 [Vl a) [Vl-1 

a 2 

= Sab + (2l + n + l)(2l + n-l) ( ^ J b) 



a 2 



and 



(Q\-\ b ) =-^(v ( r\) (vti\) 



a 2 



(2l + n-3)(2l + n-5) 



(U la )(U^ lb ). (122) 



VIII. MATRIX ELEMENTS OF HARMONICS AND THE PROJECTION 

OPERATOR THEOREM 

Acting on the left of Eq.( |106| ) and Eq.( |107| ) with L ab leads to the eigenvalue relations 

(Ti ab )(v l b ) = -l(V la ), (123) 

and 

(T lab )(u l b )=(l + n-l)(U la ). (124) 

The eigenvalue relations Eq.( |123| ) and Eq. ( |124| ) imply a connection with the vector harmonics 
and it can be shown that 

dim(l,0) 

Y&?(V)=N + (1) £ (Vla)m'm Y lm'(v), (125) 
m' 
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dimllfl) 



where the normalization factors are 



N+(l) = =, (127) 

/ (/ + l)(2/ + n + l) 



N~(l) = _, (128) 

/ (/ + n-2)(2/ + n-3) 



give a representation of the longitudinal vector harmonics. We define the matrix element of 
the transverse harmonic 

(W a ) mM = [da Y^Y^M, (129) 



where the upper case M is used to indicate that the dimension is dim(l, 1) instead of 
dim(l,0). The eigenvalue condition Eq.(|94"D gives 

{T lab )(W l h ) = l{W la ), (130) 

while the orthonormality condition Eq.(^) implies 

(V^ la )(Wn =0, (131) 
(U l+la )(Wn =0, (132) 
(Wi°)*(Wi°) =1. (133) 

Note that since (Wj Q ) M cannot be written as the matrix element of a local operator we 
have no way to relate it to its conjugate (Wi a )* Mm ■ 
For the spinor harmonics we define the elements 

(x i i (l) a ) ms = JdaY^YtJiv), (134) 
and the eigenvalue conditions Eq.(^) and Eq.(Q) imply 

(S-T,)^) =-/(xl + ^), (135) 

(E-Tofx!"^ =(l + n-l)U-* ) ). (136) 
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Again we have the case where ( y, j may not be written as the element of a local operator. 

\ / m s 

In order for these definitions to be useful we require something more. The key is that 
propagators contain harmonics in conjugate pairs allowing us to appeal to the completeness 
conditions. Consider a complete set of harmonics in some spin S representation of SO(n+l). 
The completeness relations for these and the scalar harmonics imply that 

EYiSmivKS^iv') = * m EWM. (137) 

Am' m 

for each value of I, where [X] refers to whatever indices are carried by the representation. 
Now the spin S representation is split into irreducible parts denoted by the label A each 
with a different eigenvalue of (L ■ S) where the SpqtY] operators are the spin S generators. 
By virtue of the eigenvalue conditions, we can form projection operators which project onto 
the subspace of a particular irreducible representation, we call this operator Pf* , x , ryi(^). 
Acting on the left of Eq. (|137| ) produces 

E^](^)^(V) = E^ (A) (138) 

m' m 

By multiplying by Yi m r(r)'), Yi* m {ii) and integrating over 77 and 77' we obtain the final form of 
the Projection Operator Theorem 

where the matrices (-P/ A ^ ^ X ] [y]) are known combinations of (TJ ab ) and S[x]\y] ■ 
For the case of spin |, using Eq.(j83"D and Eq.(^), one obtains 

^M-j^^V + ^-L)], (140) 



and so 



(+b\ ( (+bY ! 



(-b\f(-bY 1 



* 2 jl*' j -p7T^T)l' + ' s ' T ''l' < 141 > 
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Refering to Eq.(g7|), Eq.fl8|) and Eq. (pO|) one gets 



S(V,V') = il-ri)Y,S{l^)P^\ri)Y, Y im{ri)YC m {ri') 



(142) 



but it is easy to show that 



1) - £ • L G(l) 



(143) 



where G(l) is the /-space representation of the scalar propagator. This leads to the convie- 
nient form of the spinor propagator 



s(v,v') = i-[M 1 I- 1 )v-d} g( v , v ') 

= (7 -v) E G (0 [(! - !) - s ■ L l ^(^(V)- 



Irn 



(144) 



For the vector case, the eigenvalue relations Eq. (|93|) . . . Eq. (|95[) allow one to write 



P 



(+i) 



fo) 



i aft 



P 



(-1) 



£ aft 



(v) 



(l + l)(2l + n- 


-1) 


1 




(/ + l)(2/ + n- 


-1) 


1 




(l + l)(l + n 


-2) 


1 




(Z + l)(Z + n 


-2) 


1 





(Z + n- 2)(2Z + n- 1) 
1 



[L ac -5 ac ] [L\-{l + n-l)8\] 
[L ac L\ -(1 + n)L ab + (l + n- 1)8 J 
[L ac + 15J [L\ -(l + n- 1)8\] 
[L ac L\ - (n - l)L ab -l(l + n- 1)8 J 
[L ac - U [L\ + 18\] 



[L ac L\ + (Z - l)L ab - 18, 



abl 



(145) 



(146) 



(147) 



(Z + n-2)(2Z + n-l) 

Note the relation between Pj ab (r]) and the operator P ab introduced earlier. Using Eq.( |125| 
Eq.(|l2|) and Eq.flTJD together with the conjugate forms gives 

^2 



P 



(+i) 



l ab 



n + (i) (v la) (v lb y 



{l + 1){21 + n - 1) 

(p/ 0) J = (^j (w lb y, 



(Vl j (u l+1 b ) 



(4 



(-1) 



ab 



N~(l) (U la )(U lb ) 



(l + n- 2)(2l + n- 1) 
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(Ui a ) (V^ lb ) 



(148) 
(149) 
(150) 



The vector propagator Eq . fl99|) may be rewritten using the P/^ ab (r]) operators 
E ab ( V , V >) = aa 2 J2 E(l) £ ^ M) £ *Wfa) W) 

l X m 

+ (1 - a) a 2 £ P(Z)P/ 0) ^(17)^(17)^(1/) (151) 
= aa 2 5 ab J2Em m (v)Y l * m (v') 

l in 

+ (1 - a) a 2 E J B(Z)P / (0) a6 (77)y lm (77)y^(7/). (152) 

lm 

Since the action of projection operators can considerably simplify calculations it is useful 
to rewrite Eq. ( |121| ) using vector projection operators. Using the fact that 5 ab = J2x (-P/^ a b) 
and Eq. ( |148| ) . . . Eq. (|150|) one obtains 



(QS 0) ab) ~ (Pl 0) ab) + (2 / + + n + 1} ab) + { j + n _ g } ^ ab) ■ (153) 



IX. ONE LOOP RENORMALISATION OF SPINOR QED 

To see how all this works in practice we will compute the divergent parts of the vacuum 
polarization, spinor self-energy and the vertex function for spinor QED. 



A. Vacuum Polarization 

Using the rules in Section. (|TV|) one can write down the ampiltude to the vacuum polar- 
ization (FIG.0) 

II a6 (77, r/) = (-l)(ze) 2 (/i) 4 -TP {Q ac (r/) 7 c S(r/, rf)^ h {rf)S{rf , V )} • (154) 

In order to expand U ab (r],ri') as a distribution we refer to Eq. (|64"D . . . Eq. (|68|) . The con- 
traction of Eq.( |154| ) with -^rfrf is zero due to the Q operators, implying that A2 vanishes 
identically. Therefore, using Eq.fl66|) one has 

^0 = / da da' Q a c ( V )Q d a ( V ')TR {7-5(17, v')laS(v',v)} • (155) 
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Putting in the /-space form of the propagators and writing (7 • 77) = fj, this becomes 

e 2 (^) 4 -" 



A 



na n Q r . 



lin I'm' 



rEE G (0<7(O dada'Q-MQ^n') 



. - TR { 7 C [(f - 1) - S • L] Yim(v) Y im(v')yf!fd7j' 
;(f-l)-E-L'] W»/)>7m^)}- 
Using the identities ^7 a ^f = 2r/ a ^f — a 2 7 a and r] a Q ab (r]) = the above simplifies to 



(156) 



7d 



im i'm' 



;§-l)-E.L 



/ ^' ^fo')Q d «fo') [(f - 1) - S • L'j W/)} • 



(157) 



The matrix elements may be written down by simply replacing the ^-space operators by their 
/-space counterparts with due care given to the orthonormality conditions of the harmonics. 
This means that the sum over m indices gives a trace and that the net change of / eigenvalue 
for the trace is zero. For the specific case above one gets 



A 



e 2 (fj,ay 



nCl. 



71+1 



^EE^(W) 
1 i' 



J2 tr [TR {7 c (Q { P a c ) [(f - 1) - (S • Ti) 

8,6' 

Id {Q? \) [(f - 1) - (S • T,0] }] 



(158) 



where tr{. . .} refers to the m trace. The condition on / values implies that the sum over 
(5, 5') is only over the pairs which sum to zero. Performing the trace over gamma matrices, 
using the identities in Appendix(A), leads to 



<5,<5' 



E[(|-i)V{(q!^J (<#>/)} 

-(f-l)^{(# )d a) (TrJ (gf )ca )} 

+ 1 ^{(g; 5)rf a )(T, e c )(gif )ca )(T Zed ) 
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+ (Qf ] W J (Qf ") (T, /) 



1+5, 



(159) 



which using the identities in Appendix(B) may be written in the factorized form 



An 



i i' 



T,tr{(Qi 5U a ) [{- 2 -lW c -{Tv\) 

5,5' 

■{Qf U e) [(f-l)^-(^ 



(n - 2) (jTf) 5s,ods' t0 \ 5i,i>+5>$i>,i+5- 



(160) 



Contracting the indices for each (5, 5') using the definitions Eq.( |120| ), Eq. ( |122|) and Eq. (|153|) 



gives 



(0,0) 



;f-2)V{(p^ a ) (p/ ^)} 

r*r{(p/ 



+ (/ + ! -i) 2 
+ (/ + f 



( l +n) 2 . {( p (+i) d \ (p(+i) 



)} 



2J (2/ + n-3) ,tf 11 ' ' 



^r{(p/-^ a )(p/-^ 



+ (n - 2) Z(Z + n - 1) tr{l} 



f - 2) 2 dim(l, 1) 

' 2 " (2/ • // • l) 2 



+ (/ + |-i) 2 {l + n? 



dim(l + 1,0) 



+ (/ + 



n\2 



(J-l) s 



dim(l — 1, 0) 



27 (2Z + n-3) 2 
+ (n - 2) Z(Z + n - l)dim(l, 0) 



(161) 



(+2,-2) = -(Z + f +2)(Z + f -l)tr{(Q 



(+2)d 



-(Z + | + 2)(Z + f-l) 



(f+jQCf + n) 
(2Z + n + l) 2 



-(Z + f + 2)(Z + f - l) ^ 1 ^!^ ^ + !> 0). 



(162) 



:-2,+2) 



-(Z + f-3)(Z + f 



H»)d 



n (+2) a 
V/-2 d 



)} 
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<' + i- 3 ><'+t> yiityM (^)} 

(l- l)(l + n-2) 
(21 + n - 3) 2 



-(Z + f -3)(Z + f) 1 , /,V , 2 ^ m(Z-l,0). (163) 



and including the Z constraints, one gets 

_ 2"/ 2 e 2 (/ia) 4 -™ 

/ 

{G(/) 2 [(f -2) 2 dim{l,T) 



+c+f) 2 (2 /+; 1 -V dim( '" 1 ' 0) 



+ (n - 2) 1(1 + n - l)dim(l, 0)] 

(/ + l)(/ + n) 
(2Z + n + l) 2 
w ,(Z -l)(Z + n- 2) 
(2Z + n-3) 2 



G(Z) G(Z + 2) (/ + f + 2)(Z + f - l) ; o 7, „ J 2 dim{l + 1, 0) 
G(l) G(l - 2) (Z + | - 3)(Z + f) V 7o/T7 J ^2^ ^ - !' °) ^ ( 1 !i ! > 



There are various ways HQ to evaluate the Z-sums obtained in this way. The method used 
here is described in Appendix(C) with the dim(l, 0) term above used as an example. Briefly 
it involves expanding the terms of the sum in powers of I and extracting the divergence as 
the pole of the Riemann (^-function. Shifting the sum where necessary, the expansions 

r(z- £ ) 



r(z) 

and 



r £ {l + 0(e)} (165) 



(l + A)- N = r N (l-f l + ••■) (166) 
allow the sum to be expressed in the form 



X(£) = ££a fe ( £ )Z- 



k—s 



I k 



= ^ak(e)((k + e). (167) 

k 

Taking the limit e —* one obtains the pole term and a finite part if required. Since we are 
only concerned with the divergent part in what follows we have 
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X div = ai(e)C(l + £)|«ao 
= ai(0) (i). 



(168) 



Dropping the terms which are proportional to (n — 4) we have for Aq 



A 



2"/ 2 e 2 (^q) 4 -" 
nf2 n -)_ia 2 



(Z + n) 



E 



(z + i) 



(z + |) 2 (z + |)(z + f + 1) 



(Z + n) 



(2Z + n + l) 2 



dim(Z + 1,0) 



+ 



(z-i) 



(Z + n -2) 



(Z + f-1) 2 (Z + f -l)(Z + f -2) 
Z(Z + n- 1) 



(z-i) 



(2Z + n-3) : 



-dim{l - 1,0) 



+ (n - 2) 

2"/ 2 e 2 ( M a) 4 ~ i 



nf2 n _)_ia 2 



(i+mi + f-i) 2 



dim(l } 0) 



(Z + n) 



r(Z + n) 



2 (Z + f) 2 (Z + f + 1) T(n)r(Z + 2) 

n (Z-l) T(Z + n-2) 

" 2 (Z + f -l) 2 (Z + f -2) i»r(Z) 



+ (n - 2) 



Z(Z + n- 1) 



(z + f) 2 (z + f-i) 2 



(2Z + n-l) 



r(Z + n-l) ) 

r(n)r(z + i)/' 



(169) 



which after a little work gives 



-4, 



16tt 2 



16tt 



^ 2 |2(Z + 2) - 2(Z - 2) + 2^y(Z - 1)(Z + 2)(2Z + 1) j r 1 ^ 
^{4 + 4 + 2(-3-3 + 2)}i = 0. 



(170) 



This result is gratifying as the Ward Identity Eq.(p8|) says that A must be zero. 



In order to calculate A 1 , note that since ~V 
from Eq.(|6 



f\2 



1 — ^ and A = we can write 



At 



n(n— l)n„_)-ia 2 
e 2 (Ma) 4 



n(n— l)f2 n +ia : 



/da da' (^)n(n,V) 



im i'm' 



Ti?| 7 c / daY^WQ*^ [(§-!)-£• L] Y lm (v) 
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2/,,„\4-n 



g (/fa) 



n(n— l)f2 n +ia 2 a : 



Z Z' 



EEM"t {,«(<#> «„)(,&») 

5,5' (7,(7' 



;i-i)-(s.r,) 



7d(ift W 6 ) (QffiA) [(f-l)-(S-T,)]}; 

^Z,Z'+ct'+5'^Z',Z+(7+5 

EE G (W) 

Z Z' 

EI>{ [(! - i)^ c - Cr, a c )} (Q\f ] \) 

- \{n - 2) (T P J b ) (T, cd ) (ri a) b ) M*,o} 

SlJ'+a'+S'Sl'J+a+S- 



5,5' <t,<t' 



(171) 



Refering to the indentities in Appendix(B) , it can be seen that the non-zero values for 
(a, a') are (+1, —1) and (—1, +1) . Contracting the indices for the two cases respectively we 
get 



A 1 



e 2 (pa) 4 



n(n— l)Q n +ia" 



EE G (0G(O 



(2/ + 



+ 



(Qz ( '' )C e) [(i-l)(Z + l)^-(0 (T m £ ( 

- (n - 2)(Z) {\Ti +1 ) 5 s ,o5si,o} 5i>,i+s+i 

E^IW-l'a) [(f-l)^ C -(^ a e) 



(2/ + n -3)^ 

(gf } c e ) [(f - 1)(J + n - 2)5 e d -(l + n-1) e d ) 

_ ( n _ 2 )(Z + n - 1) J 5 5)0 <Vo} <5 W _! 



(172) 



The above may be evaluated in the same way as for A , and after some work the result 



^ = 40+0(1) 



(173) 



is obtained. Therefore we have 
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n afe (r/, i) = (f ) P ah (v)S(v - i) + o(i) 



;i74) 



and so the addition of the counterterm 



SSe — da 



12n< 



(!) 



(175) 



is required to cancel the divergence. This gives to this order 



Z 3 ~ 1 ~ (f ) 



(176) 



for the photon wave function renormalization constant which is identical to that for flat 
space, as expected. 

B. Fermion Self Energy 



The fermion self-energy, (FIG.|2|) is given by 



£(77,7/) = (^)V 4 ""Q ac (^)7 c 5(r/,r/')Q M (r/ / )7^a(r/ / ,r / ). 



We will first evaluate B using Eq.(|BTS|) and Eq.(|7D[) 



B 



2 n / 2 a"Q n+1 
e 2 Qq) 4 -" 1 



da da' Ti? {£(77, r/)} 



' 2 n / 2 n, 



lm I'm' 

TR^J ' daY; ml ( V )Q ac ( V ) lc f, 



da ' Y im(v')Q (v'hd a5 ba + (l-a)PP ba ( V ') Y Vmf (rf 



;f-i)-s-L 

(0) 



0. 



(177) 



;i78) 



since there is no way to connect /-eigenvalues as 51 = odd for the first integral and SI = even 
for the second. Note, we cannot use the property TR{odd # j's} = here as the trace of 5 
7 matrices is non-zero. 

For the next term we use Eq.([71|) 
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Bi — %B 2 



^EE^W' 

TR 



da da' TR{ffE(j], rj')} 



e i (/jg) 
2 



Im I'm 

daY; m ,(v)Q ac (vh, 
da' YCM)Q bd (v'h d 



- 1) -E-L 



Yi m {rj) 



a5 ba +(l-a)PP ba ( V ')]Y llml ( V ') 



;i79) 



performing the spinor trace and going to /-space we have 



B 1 -lB 2 = ^^Y.G{l)E{l') 



8,8' 



' n 
> 2 



Ql 5)db ) K +a-«) (>f *«)]}■ 



(180) 



The operator (-P//°' ) 6a ) projects out all but the (-P/ ' 1 ) parts of the Q matrices and the 
eigenvalue of [(| — 1) — T] is (| — 2) on this subspace. Therefore we see immediately that 
the (1 — a) term is finite. We now have 



E * { (Q ( P ac ) [(! - i)5 c d - (r, c d )] (g[ 5) d a ) } 



181) 



which may be summed in the usual way giving 



B l - 2B 2 = £- 2 a (f) . 



182) 



By rearranging the propagator S(r),r]') using Eq.(p9[) and Eq.(|7T|) one can show that to this 
order 



B 1 + *B 2 = -(B 1 -*Bz 



183) 



and so 



B x = 



184) 
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and 



U{ 2 



Wit 2 V e 



(185) 



Therefore we have 



£(77,77') 



16tt 2 " 1 e 



186) 



which is cancelled by the counterterm 



SSr = — da 



16-7T- 



and so 



(187) 



(188) 



C. Vertex Function 

The irreducible vertex function may also be expanded as a distribution, but we will 
consider only the divergent part 



r a (r/i, 772, 77) = -ie(n) C Q a b (ri)~f b 5(ri - 771)^(77 - 772) + 



189) 



and so 



C = -ie(ji) 2 n / 2 na n n n+1 1 I do x do 2 doTR {T a ( Vl} r/ 2 , 77)7,} . (190) 



To this order we have (FIG.[3D 



r a ( Vu 772,77) = (-i)[ ie ^)] 3 QUvih d s(vi,v)Q a e(vh e 

S( V ,m)Q cf ( V2 h f E cb ( V2 ,r ]l ), 



191) 



and therefore 
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Co 



e 2 (Ata) 4 - " 



-EEE G(l) G(l') E(l") 



Im I'm' I" ,m" 

TR \ I da, Yy'm»(Vi)Qbd(Vi)1 i [(I - 1) - £ • ill 



da^(7 7 )g a e (7 7 ) 7 e 



E ■ L 



^2^,(^)^^(772) a6 cb + (l-a)P^ cb ( V2 ) Wfo) 



Yi'm'iv) 
(0) c6/ 



(192) 



where we have again anticommuted the fj factors from the spinor propagators through the 
7 e matrix discarding the term proportional to t] e . Going to /-space and evaluating the trace 
we get 



^£G(0G(ZW) 



e 2 (/xa) 



1,1', I" 



8,6' 6" 



£ tr{(Q{t"\ d ) [(f - 1)8\ - (V e ) 

"",5" 

[2(gf )e 9 )-^ e Ao] [(f - 1)^/ - (V, 

(gf)/ c ) [aff*+(l-a)^*)]} 

<5/,Z"+<5"<V,Z+<5^",i'+<5' 



(193) 



where terms of 0(n — 4) have been neglected. Note again that the (1 — a) term is also finite 
due to the (pjfi cb ^j operator . 

This sum may be evaluated to give 



Co = (f) 



and so 



r a (r/ 1; r/ 2 , 7?) = -ie(fx) [^a (f )] Q a b {r])l h 5{r 1 - m)6(ri - 7? 2 ) + 
This divergence is removed by the counterterm 

SS E = J da +ie{fi) [-^a (§)] ^Q^h&V^a, 

and hence 



^i = l-lfr«(f) 



(194) 



(195) 



(196) 



(197) 



This gives the result Z, = Z 2 which is required by the Ward Identity Eq. 
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X. DISCUSSION 



In this paper, we have constructed a consistent formulation of field theory on S4 and 
described a method from which various one-loop amplitudes may be calculated. The above 
results were presented as an illustration of how calculations may be carried out using this 
method. The standard results of QED are derived, providing a valuable check on the validity 
of this approach, as well as allowing a direct comparision between this and previous work 
done in the area. While much of the basic formalism has been derived previously 0,01111 
, we believe that the matrix element approach offers a new way to deal with some of the 
more troublesome aspects of previous calculations. In particular one can easily handle the 
transverse part of the photon propagator which had made the (1 — a) gauge parts difficult 
to calculate. However the main advantage of this method is the ability to compute functions 
which involve the contraction of indices across different 77 integrals. This tends to happen 
when one has derivative couplings such as those in scalar electrodynamics. To be more 
concrete, consider the amplitude 

X = J da da' D a G(rj, 77') D' a G(r]', 77) (198) 

which can arise in a theory with scalar loops ||. The brute force approach is to write down 
the propagators in configuration space, perform the derivatives and try do the integrals 
obtained using Geigenbauer polynomials and the like. While this approach will work here, 
it is cumbersome and relies heavily on the ability to write down the configuration space 
form of the propagators. When we come to a non-Abelian theory, we encounter for example, 
the gluon three-point function. This function involves derivative couplings which act on 
vector propagators which hook onto the vertex. Any calculation involving this vertex, such 
as the vacuum polarization, will be difficult to calculate even in the Feynman gauge using 
configuration space methods, whereas if one follows the matrix element prescription the 
result can be obtained for a general gauge in a lengthy, but straightforward way. 

This calculational scheme provides all the tools necessary to evaluate matrix elements of 
operators between two spherical harmonics. For one-loop diagrams this is all that is required. 
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However in a two-loop amplitude such as an interacting vacuum diagram, one may have 
three or more harmonics at the same point. In this case one must perform a Clebsch-Gordon 
decomposition of the product in order to reduce the integral to one over only two harmonics. 
This is technically difficult in general, but for a special class of propagator functions of the 
form 1 77 — f]'\ m it is possible and the method will be described in a forthcoming paper. 

It may be useful to incorporate chiral fermions into the theory by appropriate inclusion 
of the fj operator, bearing in mind that one will need to be careful with the dimensional 
regularization when the trace of five 7 matrices in encountered. 

The main application of this work is that is allows one to take any sensible model 
one wishes and work out all the relevant renormalisation group equations connecting the 
coupling constants to the parameter d in the effective action Eq.(£|). By considering the 
constraints imposed by the wormhole hypothesis, these equations may provide information 
on the observed values of the constants of nature. 

APPENDIX A: GAMMA MATRIX IDENTITIES IN SO(N + 1) 



{ lailb }=25 ab (Al) 

ll = la (A2) 

^ ab = \[la,lb\ (A3) 

lal a = (n + 1)1 (A4) 

TR{I} = 2 n/2 (A5) 

TR{odd# < 5} = (A6) 

TR {'Jalblddle} = ^abcde f OT U = A (A7) 

TR{ lalb } =2 n l 2 5 ah (A8) 

TR { lalblcld } = n 2 (5 ab 5 cd - 5 ac 5 bd + S ad 5 bc ) (A9) 
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APPENDIX B: OPERATOR AND MATRIX ELEMENT IDENTITIES 



1. Commutators 



lr 2 t 



U 2 71 
2^ 5 'la 



1 r 2 n 



[Labi L cd \ 
[ L ab-> Qcd) 

\t p (a) 1 

^abi r l cd 
[ L ab'Vc] 
[Lab, D c ] 
[D a , D b ] 
[D a ,Vb\ 
[Da,Q bc ] 



= 



-nr] a + 2a 2 D a 
-j I r 1 a{\L 2 ) + {n-2)D a 



°cbL a d ~ 5 ca Lbd + ^bd,L C a ~ ^adL c b 



S cbQad ~ S caQbd + S bdQca ~ 6 adQcb 

Va5 bc - r] b 5 ac 
D a S bc - D b S ac 



°cb r l ad °ca Jr l bd + O bd JT l ca ad r { 



do 



1 T 

a 2±J ab 



Qab 

(QabVc + QacVb) 



(Bl) 

(B2) 

(B3) 
(B4) 
(B5) 
(B6) 
(B7) 
(B8) 
(B9) 
(BIO) 
(Bll) 



2. Miscellaneous Identites 

Va D b - r] b Da = L ab (B12) 

P ah = {\L 2 )5 ab + L ac L\ - (n - l)L ab (B13) 

F ab = L ac L\ - (n - l)L a6 + (n - 2)5 afe (B14) 

?7 a L a 6 = a 2 /) 6 (B15) 

L a ^ b = mf - a 2 D a (B16) 

D a L\ = -±M\L 2 ) + {n- l)D b (B17) 

r] a L bc + Vb L ca + Vc L ab = (B18) 

D a L bc + D b L ca + D c L ab = (B19) 

L\D h = +^r 1 a (\L 2 ) + D a (B20) 
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Q ab L\ - Q cb L\ = L ac (B21) 

L ab Q\ ~ L cb Q\ = L ac (B22) 

L ab Q b c L c d - L db Q b c L c a = (B23) 

L ab Q b c L ca = -±L 2 (B24) 

Q ab L bc Q ab = nL bc (B25) 

3. Matrix Identities 

The basic building blocks are the U and V matrices from which all others may be derived. 

(Tu,)^) =-l (V la ) (B26) 

mj{Ui b ) =(l + n-l) (U la ) (B27) 

(Ut+i a ) (T, J = -I (U l+1 b ) (B28) 

(VJ_i a ) (Ti ab ) = {l + n-l) (Vt- lb ) (B29) 

(Vi J (C/ J+ i a ) = -£(Z + n - 1)(2Z + n + 1) (B30) 

(U la )(V^ a ) =-J,/(2/ + n-3) (B31) 

WJW+i") =0 (B32) 

(EO(0i-i o ) =0 (B33) 

(^.)(^i+u)-(^6)(^+i.) =0 (B34) 

(U la ) (Ui- lb )-(Ui b )(Ui- la ) =0 (B35) 

(Vt J (£/* +1 J - W 6) (^+i J = M 21 + n + !) ("^ ab) (B36) 

«) W-i 6 ) " (tf b ) (Vi-i a ) = -M 21 + n - 3 ) ^ J (B37) 

(71 ab ) W c ) - J (T, +1 J = W J <5 6c - b ) <5 ac (B38) 

(Ti J (U t c ) - (U t c ) (T,_! J = (tf, J 5 6c - (Ui b ) 5 ac (B39) 

(?i «*) (Vi c ) + (T, J W J + (T, J (V lb )=0 (B40) 

Cfi J (tf, c ) + (T, bc ) (17, J + (T, J (tf, 6 ) = (B41) 
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(B42) 



The Q identities follow from their operator counterparts. 

(Ti ab ) (Q\ 5) J - (Q\ 5) cd ) (T l+S J = 5 cb (Qi 5) ad ) - 5 ca (Q[ 5) bd ) 

+ S bd (Qf } ca ) - S ad (Q\ S) ch ) (B43) 

(Qi 5) a") (Ti + s bc ) - (Q\ S) b ) (T l+S J = (T, J S s ,o (B44) 

(Ti a b ) (Ql 5) bc ) ~ (T, b ) (Q? ] ba ) = (T, J 5,,o (B45) 

(r« a 6 ) {Q? ] b j (r I+4 j - (r, /) (gj 5) 6 C ) (t w j = o (B46) 

{Ti a b ) (Q? b c ) (Ti + s c °) = - (\Tf) 5 S , (B47) 

{Q\ 5) ab ) {Ti + s cd ) (Qffl a6 ) = n (T, cd ) 5 Sfi S vja (B48) 

Expressing ab ) in terms of projection operators and the [/ and V matrices gives the 

eigenvalue relations 

(Ti ab )(Qi +2)b c ) = -I (Qi +2} ac ) (B49) 

(Ti J (Q^ b c ) = (P/ 0) ac ) - J) + ^Sy^ J (B50) 

= (^ (0) J(^g (B51) 

(Tt J (g!" 2) 6 C ) = (Z + n - 1) (q;~ 2) ac ) (B52) 

(Qi +2) ab ) {Ti + 2 b c ) = (I + n + 1) (Ql +2) ac ) (B53) 

(Q ( r 2) ab ) {Ti-2 6 C ) = -(/ - 2) (Q[- 2) ac ) (B54) 

(B55) 

and the product relations 

(0l +2) *) (Qfc? "o) = «) (B56) 

(«,*- 2) -) («,<!? "„) = ^(SS? (fl 1 "" .) (B57) 

(O,™ *) (Q, ,0 > >.) = (if «) + «) + » (fl'"" -) CB68) 
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(Q^HQr^^^J (B59) 

(Q, <0 ^)(Q!- 2)i c ) -^(QrL) (B60) 

(Qn>„)(Q? ] \) ^ (B6i) 

(o, ,0 " c ) = <£^ (B62) 

(o, (+2, J =° < B63 > 

(«i- a) *)(O, < :| U 0=O. (B64) 

Since the (77^ a ) and (p^ ) matrices are proportional to the U and V matrices similar 
identities hold. Those of use here are 

W +1)B )(^?.)=« a ^ (B65) 

(vt lU )(v^ a ) =^ w ^ r) (B66) 

a ) (TU! J (ijfc? a ) = a 2 (^L. (Tj bc) (B67) 

a ) 5 C ) a ) = « 2 (ig^T) (Ti bc ) (B68) 

{vl +1) a ) (vl:i ] a ) =0 (B69) 

a ) frfc? a) = (B70) 

a ) (T m 6c ) a ) =0 (B71) 

a ) (Tl-i bc ) (ufc? a ) = 0. (B72) 

Relevant traces are 

tr{(l),} = dim{l,0) (B73) 

tr { (P/ +1) a a ) } = rfim(/ + 1, 0) (B74) 

^{(^ (0)a a )} =d<m(Z,l) (B75) 

/jr{(p/~ 1)a a )} = dim{l - 1,0). (B76) 



APPENDIX C: EVALUATION OF L-SUMS 

Consider a sum of the form 
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A = £ G(lf 1(1 + n- 1) dim(l, 0) 
i 

„ /(/ + n - 1) r(/ + n.-l) 

- + + + » - » r (n) r(/ + 1) (C1) 

which arises in the Vacuum Polarization calculation. In order to simplify the calculation, 
it is convienient to shift the sum so that the term in the denominator (I + | — 1) becomes 
(I + | — 2) = I + 0(e) eliminating the need to Taylor expand this term. Shifting the sum 
changes the result by a finite amount which we will ignore. This is useful in general to 
reduce the number of terms in the denominator which may need to be expanded. Therefore 
we have for A 



A = ^ n ^Ffe^ (« + n-3) r( ' + "- 2) 



r wt(' + i-P + f-2) 2 " ' " r(z) 

(I - l)(l + n - 2)(Z + n - 3)(Z + n - 4)(2Z + n - 3) F(l + n - 4) 



T(n) X! 



(J+S_l)2( Z + 2_2) 



r(z) 



r(4- £ ) 



E 



(/ - 1)(Z + 2 - e)(Z + 1 - e)(Z - e)(2Z + 1 - e) r(Z - e) 



(4) E 



r(4) 



1 



1(1 + 1) 



(I + 1 - §e) 2 (* " 
(Z-l)(Z + 2)(2Z + l) + 0(e) 



r(z) 



r £ [i + o(e)] 



i 

! [-3 - 3 + 2] i + /irate 



3/ -2 



-2-e 



+ 0(e) 



— |i + finite 



(C2) 



using 



r(*-e) 
r(z) 



l+e 



i 



1 _i_ _1 

2Z ~ 12Z 2 120« 4 



}• 



(C3) 



keeping only terms of lowest order in e and taking e — > with ((l + e) 
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FIGURES 
FIG. 1. Vacuum Polarization. 

FIG. 2. Fermion Self Energy. 

FIG. 3. Vertex Function. 
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